Math 522 Exam 5 Solutions

1. Let ¢g = 0,¢1 = 1,¢0 = 1,¢c3 = 2,¢4 = 5,... denote the Catalan numbers. Let

Sn = Y o¢; denote the sum of the first n Catalan numbers. Find a generating

function S(x) for the sequence {s,}.

Let A(z) = 1= = Y ,5012" Recall that C(z) = =5 is the gen-

erating function for the Catalan numbers. We now calculate A(z)C(x) =

Dm0 (Dimg Cin—i) " =350 (Doiig i) ™ = 32,50 sn@". Hence the desired

generating function is S(z) = A(x)C(z) = 1;{11;;1”.
2. Let A(x) = O*hfm be the generating function for ) ., a,z". Find a closed form

for a,,.

We begin with partial fractions: A(z) = 2= + 1f3x . (%E;;j(ﬂlgjx) We
get the system S +T = 5,35 — 2T = 0, with solution S = 2,7 = 3. Hence
Alw) = 25,00 2% +3 5 n > 0(=3)"a" = ¥, . (2-2" +3(=3)")a". Hence

an = (22" + 3(=3)"), which can be simplified as a,, = 2"+ — (=3)"+1,



